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The isotopism problem of a class of 6-dimensional
rank 2 semifields and its solution
M. Lavrauw, G. Marino, O. Polverino, R. Trombetti
Abstract
In [5] three classes of rank two presemifields of order q2n, with q and n odd, were
exhibited, leaving as an open problem the isotopy issue. In [20], the authors faced
with this problem answering the question whether these presemifields are new for
n > 3. In this paper we complete the study solving the case n = 3.
1 Introduction
A finite presemifield S = (S,+, ·) is a finite algebra satisfying all the axioms for a skewfield
except the associativity for the multiplication and the existence of a multiplicative identity.
If a presemifield admits an identity element then it is called a semifield. Semfields have
received a lot of attention in recent years, and we refer to [22] and [21] for references,
general theory, and definitions, if they are not included here. A finite presemifield has
order a power of a prime p and such a prime is called the characteristic of S. Two
presemifields S = (S,+, ·) and S′ = (S′,+, ◦) of characteristic p are said to be isotopic if
there exist three Fp-linear maps g1, g2 and g3 from S into S
′ such that g1(x·y) = g2(x)◦g3(y)
for all x, y ∈ S. From the isotopy point of view, presemifields are not more general than
semifields; in fact, by means of the so called Kaplansky trick, it is easy to see that the
isotopy class of a presemifield always contains a semifield. Such structures can be also
defined for a presemifield as indicated in [33, Remark 2.2] and [31]. If two (pre)semifields
are isotopic their dimensions over the nuclei and over the center are invariant, and we
refer to them as the parameters of the (pre)semifield. In [5] the author introduced three
families of rank 2 presemifields of order qn, with q and n odd, 2–dimensional over their left
nucleus and 2n–dimensional over their center. These presemifields are obtained starting
from a pair of bijective Fq-linear maps of Fqn, satisfying suitable conditions [5, Theorem
4.1], and they have been labeled DA, DB and DAB in [20]. Also, in [5, Theorem 4.3],
the author determined their parameters. This information was insufficient to address
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the isotopy issue which, in fact, was leaved as an open problem. In [20] this problem
was solved for n > 3, proving that presemifields in the families DA and DAB are new,
i.e. not isotopic to any previously known semifield; whereas presemifields in the family
DB are isotopic to Generalized Twisted Fields for all n ≥ 3. The remaining part of the
case n = 3 is treated here separately; this mainly because in the relevant case there are
many more known examples in the literature to compare with ([2], [6], [7], [8], [9], [14],
[12], [13], [15], [19], [33]). For n = 3 the Dempwolff presemifields DA and DAB are the
algebraic structures DA = (Fq3×Fq3 ,+, ⋆A) and DAB = (Fq3×Fq3 ,+, ⋆AB), q odd, having
multiplications defined as follows
(u, v) ⋆A (x, y) = (u, v)
(
x y
Aa,r(y) ξAa,r(x)
)
,
where Aa,r(x) = x
qr −axq
−r
, r ∈ {1, 2}, such that ξ is a nonsquare in Fq and a ∈ F
∗
q3 with
Nq3/q(a) 6= 1
(1), and
(u, v) ⋆AB (x, y) = (u, v)
(
x y
Ab2,r(y) ξBb,−r(x)
)
,
where Ab2,r(x) = x
qr − b2xq
−r
, Bb,−r(x) = 2H
−1
b,−r(x)− x, r ∈ {1, 2}, such that Hb,−r(x) =
x− bxq
−r
and with ξ a nonsquare in Fq and b ∈ F
∗
q3 such that Nq3/q(b) 6= ±1.
In this paper we prove that if Nq3/q(a) = −1 the presemifields DA belong, for each
given value of q odd, to a unique isotopy class which has been constructed in [8] (Theorem
3.1), whereas if Nq3/q(a) /∈ {−1, 1}, there are new presemifields in the family DA for each
q odd (Theorem 3.2). Regarding presemifields DAB, we prove that they are always new
(Theorem 3.3). In particular when Nq3/q(b
2) = −1 presemifields of this sort belong to
the class F3 introduced in [32]. The relevant DAB presemifields provide the first infinite
family in such a class whose associated linear set satisfies certain geometric properties;
this answers a question posed in [8]. Finally, we prove that presemifields DA and DAB are
also new up to the Knuth operations and the translation dual operation (Theorem 3.4).
2 Rank 2 semifields of order q6 and linear sets
A pointset L of a projective space Λ = PG(r − 1, qn) = PG(V ), V = V (r, qn) (q = ph, p
prime) is said to be an Fq–linear set of Λ of rank k if it is defined by the non–zero vectors
of a k–dimensional Fq–vector subspace U of V , i.e.,
L = LU = {〈u〉Fqn : u ∈ U \ {0}}. (
2)
1Nq3/q denotes the norm function of Fq3 over Fq
2In what follows, in spite of simplicity, we write 〈u〉 to denote the Fqn–vector space generated by u.
2
Let Ω = PG(W,Fqn) be a subspace of Λ and let LU be an Fq-linear set of Λ. Then Ω∩LU
is an Fq–linear set of Ω defined by the Fq–vector subspace U∩W and, if dimFq(W ∩U) = i,
we say that Ω has weight i in LU and denote this integer by wL(Ω). (
3)
Following [4], [16], we call an Fq–linear set LU of Λ of rank k scattered if all of its
points have weight 1. In [4, Theorem 4.3], it has been proven that a scattered Fq–linear
set of PG(r−1, qn) has rank at most rn/2. A scattered Fq–linear set LU of PG(r−1, q
n)
of maximum rank rn/2 is called a maximum scattered linear set. In this paper we will
use the structure of certain type of scattered subspace in the proofs, see below. Another
recent application of scattered subspaces can be found in [23].
In [29], generalizing results contained in [32], [19] and [24], a family of maximum
scattered linear sets, called of pseudoregulus type, is introduced. Precisely, a scattered
Fq–linear set LU of Λ = PG(2h− 1, q
n) of rank hn (h, n ≥ 2) is of pseoudoregulus type if
(i) there exist s1, s2, . . . , sm pairwise disjoint lines of Λ, with m =
qnh−1
qn−1
, and each of
them has weight n in LU ;
(ii) there exist exactly two (h− 1)–dimensional subspaces T1 and T2 of Λ disjoint from
LU such that Tj ∩ si 6= ∅ for each i = 1, . . . , m and for each j = 1, 2.
The set of lines PLU = {si : i = 1, . . . , m} is called the Fq–pseudoregulus (or simply
pseudoregulus) of Λ associated with LU and T1 and T2 are the transversal spaces of PLU
(or transversal spaces of LU). Note that by [29, Cor. 3.3], if n > 2 the pseudoregulus PLU
associated with LU and its transversal lines are uniquely determined.
Here, we are interested in maximum scattered Fq–linear sets of Λ = PG(3, q
3). These
linear sets have rank 6 and they are always of pseudoregulus type (see [32]). Also, the
associated pseudoregulus consists of q3 + 1 lines, each of weight 3, and its transversal
spaces are two disjoint lines of Λ. By [19, Sec. 2], Fq–linear sets of pseudoregulus type of
PG(3, q3) can be characterized in the following way.
Theorem 2.1. Let t1 = PG(U1,Fq3) and t2 = PG(U2,Fq3) be two disjoint lines of Λ =
PG(V,Fq3) = PG(3, q
3) and let Φf be a strictly semilinear collineation between t1 and t2
having as a companion automorphism an element σ ∈ Aut(Fq3) such that Fix(σ) = Fq.
Then, for each ρ ∈ F∗q3, the set
Lρ,f = {〈u+ ρf(u)〉 : u ∈ U1 \ {0}}
is an Fq-linear set of Λ of pseudoregulus type whose associated pseudoregulus is PLρ,f =
{〈P, PΦf 〉 : P ∈ t1}, with transversal lines t1 and t2.
3For further details on linear sets see [34] and [25]
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Conversely, each Fq–linear set of pseudoregulus type of Λ = PG(3, q
3) can be obtained
as described above.
The semifields that we study in this paper are 6-dimensional Fq-algebras having at least
one nucleus of order q3: rank two semifields of order q6. The Knuth orbit of such a
semifield contains an isotopism class [S] whose left nucleus has size q3 and, by means of
the multiplicative structure properties, with the semifield S there is associated an Fq-linear
set LS of rank 6 of PG(3, q
3), disjoint from a given hyperbolic quadric Q. The isotopy
class [S] corresponds to the orbit of LS under the subgroup G ≤ PΓO
+(4, q3) fixing the
reguli of Q. Furthermore, the image of LS under an element of PΓO
+(4, q3) \ G, defines
a (pre)semifield which is isotopic to the transpose semifield St of S (for more details see
[22]).
Let Trq3/q denote the trace function of Fq3 over Fq and let b(X, Y ) be the bilinear form
associated with Q. By field reduction we can use the bilinear form Trq3/q(b(X, Y )) to
obtain another Fq-linear set, say L
⊥
S
, of rank 6 disjoint from Q. The linear set L⊥
S
defines
a rank two semifield, say S⊥, as well; such a semifield is called the translation dual of S
(see e.g. [28], or [22, Section 3]). This operation extends the Knuth orbit and has been
recently generalized in [29]. Another recent extension of the Knuth orbit is contained in
[26], using the so-called BEL-configurations (see [3], [17], and [18]).
We will refer to St and S⊥ as the rank two derivatives of S.
As described in [32], there are six possible geometric configurations for the linear set
LS and the corresponding classes of semifields are labeled Fi, for i = 0, 1, . . . , 5. Semifields
belonging to different classes are not isotopic. Semifields contained in classes F0, F1 and
F2 were classified in [32].
2.1 Family F3
The linear set LS associated with a semifield S in class F3 has the following structure:
i) LS contains a unique point of weight greater than 1 and such a point, say P , has
weight 2;
ii) LS is not contained in a plane and there exists a unique plane π of PG(3, q
3) of
weight 5 in LS. Also, since the weights of P and π in LS are 2 and 5, respectively,
and since LS has rank 6, then P is a point of π.
iii) Any plane of PG(3, q3), different from π, has weight 3 or 4 and if π 6= P⊥ (where ⊥
denotes the polarity induced by the quadric Q) then, by i), the point π⊥ has weight
1 or 0, according to π⊥ belongs to LS or not.
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Since P and π are the unique point and the unique plane of PG(3, q3) of weight 2
and 5 in LS, respectively, and since the elements of G commute with ⊥, we have that the
weights of P , π, P⊥ and π⊥ in LS are invariant under isotopisms. Hence, the definition
given in [14, Section 3] makes sense: a semifield S belonging to the class F3, with π 6= P
⊥,
is of type (i, j), i ∈ {3, 4} and j ∈ {0, 1}, if the weight of P⊥ in LS is i and the weight
of π⊥ in LS is j. By [14, Theorem 3.2], semifields in class F3 of different types are not
isotopic. The Huang–Johnson semifields SII , SIII , SIV and SV ([10]) of order 2
6 belong
to the class F3. Precisely, SII and SIII are of type (4, 1), whereas SIV and SV are of
type (3, 0) (see [14, Prop. 3.5]). Also in [14], Huang–Johnson semifields SII and SIII are
extended to new infinite families of semifields of order q6, existing for every q, and all of
them are of type (4, 1). So far, they are the only known infinite families of presemifields
belonging to the class F3.
2.2 Family F4
Semifields in the class F4 have associated Fq-linear sets containing a line, say ℓ, of
PG(3, q3). This family was further partitioned in [12] into three subclasses, denoted
F
(a)
4 , F
(b)
4 and F
(c)
4 . This partition again concerns with the geometric structure of the
associated linear set; precisely, a semifield S belongs to the subclass F
(a)
4 , F
(b)
4 or F
(c)
4 if
the polar line ℓ⊥ of ℓ intersects the linear set in 0, 1 or q + 1 points, respectively. There
exist semifields belonging to family F
(c)
4 for any value of q ([11], [12], [7]), whereas only
two semifields, up to isotopisms, of order 36 are known to belong to the family F
(b)
4 ([9]).
In [8] and [9] it was proven that, for any q odd, there exists, up to isotopisms, a unique
example in the subclass F
(a)
4 , having right nucleus of order q
2 and middle nucleus and cen-
ter both of order q. A representative presemifield of such an isotopy class is the algebraic
structure (Fq6,+, ⋆) with multiplication
x ⋆ y = (α + βu+ γu2)x+ γbxq
3
, (1)
where u and b are given elements of Fq3 \Fq and Fq6 , respectively, such that u
3 = σu+1,
σ ∈ F∗q, b
q3+1 = σ2 + 9u+ 3σu2 and where α, β, γ ∈ Fq2 are uniquely determined so that
y = α + βu + γ(b + u2). It must be emphasized that semifields in the class F
(a)
4 with
either right or middle nucleus of order q2 are unique up to isotopism; precisely, for each
value of q, they are isotopic to the presemifield with multiplication (1) or to its transpose,
respectively. Moreover, no such semifields exist when q is even. Also, there could be
examples of semifields in class F
(a)
4 for which both right and middle nuclei have size q,
although no such examples have yet been found.
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2.3 Family F5
Semifields belonging to the family F5 are called of scattered type; this because the Fq-
linear set associated with such a semifield is scattered, i.e. it has all points of weight 1.
To any such a linear set L is associated a geometric object PL called Fq–pseudoregulus,
consisting of q3 + 1 mutually disjoint lines of PG(3, q3), each of them intersecting L
in q2 + q + 1 points, with exactly two transversal lines. From [27, Corollary 3.3], the
pseudoregulus PL associated with L and its transversal lines are uniquely determined;
hence their position with respect to the quadric Q is an isotopism invariant. The known
examples of (pre)semifields belonging to this family are:
1. some Knuth semifields [15]: the associated linear sets have corresponding Fq–pseudo-
regulus with transversal lines both contained in the quadric Q ([32, Property 4.7]);
2. some Generalized Twisted Fields [1]: the associated linear sets have corresponding
Fq–pseudoregulus with transversal lines both external to the quadric Q and pairwise
polar with respect to the polarity defined by Q ([32, Property 4.8]);
3. presemifields constructed in [33]: the associated linear sets have corresponding Fq–
pseudoregulus with one transversal line contained in the quadric Q and the other
one external to it ([33, Theorems 4.3, 3.5]);
4. presemifields constructed in [19]: the associated linear sets have corresponding Fq–
pseudoregulus with transversal lines t1 and t2 both external to the quadric Q and
not pairwise polar. Moreover, in these cases, t⊥1 ∩ t2 = ∅ ([19, Section 5]).
In [19, Section 3], a canonical form for presemifields in family F5 whose associated
Fq–pseudoregulus has at least one of the transversals external to the quadric Q has been
determined. As we will show later, some DA presemifields belong to this class and so,
in order to compare them with the last examples of the previous list, we need to further
investigate this class of presemifields.
The above mentioned canonical form has been written studying the associated linear sets
in the projective space PG(V ), where V = Fq6 × Fq6 is considered as a vector space over
Fq3 . These linear sets are disjoint from the hyperbolic quadric Q¯ of PG(V ) with equation
Xq
3+1 − Y q
3+1 = 0 and, using the action of the collineation group fixing the reguli of
such a quadric, w.l.o.g. we may assume that one of the tranversals of the associated
Fq–pseudoregulus is the external line ℓ := {〈(y, 0)〉 : y ∈ F
∗
q6}. In [19, Theorem 3.3] a
canonical form for such presemifields has been exhibited and they have been denoted by
S(λ, µ, α, β, σ). Moreover, presemifields in such a family having right and middle nuclei
of orders q2 and q, respectively, belong to the subfamily S(λ, 0, α, 0, σ). Precisely, by [19,
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Theorem 4.1] and by [33, Theorem 3.4], these presemifields are isotopic to the algebraic
structure (Fq6,+, ⋆), whose multiplication rule is given by
x ⋆ y = (λy + αyσ)x+ yxq
3
, (2)
where λ, α ∈ Fq6, α 6= 0, σ ∈ {q
2, q4} such that
Nq6/q3(y) 6= Nq6/q3(λy + αy
σ) for each y ∈ F∗q6.
Also, the element λ can be taken up to its norm, i.e., if Nq6/q3(λ) = Nq6/q3(λ
′), then the
two presemifields S(λ, 0, α, 0, σ) and S(λ′, 0, α, 0, σ) are isotopic ([19, Theorem 3.3]).
The linear set associated with S(λ, 0, α, 0, σ) in the projective space PG(V ) is
L(λ, 0, α, 0, σ) := {〈(λy + αyσ, y)〉 : y ∈ F∗q6}.
It is of pseudoregulus type and, by [19, Section 3], the corresponding transversals are
ℓ := {〈(y, 0)〉 : y ∈ F∗q6}
ℓλ := {〈(λy, y)〉 : y ∈ F
∗
q6}.
In the following we will give a necessary condition assuring that two presemifields of
type S(λ, 0, α, 0, σ) are isotopic, which will be useful in the sequel.
Lemma 2.2. If two presemifields S(λ, 0, α, 0, σ) and S(λ¯, 0, α¯, 0, σ¯) are isotopic, then
Nq6/q3(λ¯
τ) = Nq6/q3(λ), for some τ ∈ Aut(Fq6).
Proof. If S(λ, 0, α, 0, σ) and S(λ¯, 0, α¯, 0, σ¯) are isotopic then the associated linear sets are
isomorphic under the action of the collineation group G fixing the reguli of Q¯. The
elements of the group G (whose linear part has been described in [19, Section 3]) are
〈x, y〉 7→ 〈ACτxτ+BDτq
3
xτq
3
+AD
τq3yτ+BCτyτq
3
, ADτxτ+BCτq
3
xτq
3
+ACτq
3
yτ+BDτyτq
3
〉
(3)
where A,B,C and D are elements of Fq6, with A
q3+1 6= Bq
3+1 and Cq
3+1 6= Dq
3+1, and τ is
an automorphism of Fq6 . Since the transversals of the Fq–pseudoregulus associated with
such presemifields are uniquely determined ([27, Corollary 3.3]), the pair {ℓ, ℓλ¯} must be
mapped, under the action of the group G, to the pair {ℓ, ℓλ}.
We first suppose that there exists an element φ of G such that φ(ℓ) = ℓ and φ(ℓλ¯) = ℓλ.
In this case φ belongs to the stabilizer Gℓ of ℓ in G, whose elements, by (3), are
〈x, y〉 7→ 〈BDτq
3
xτq
3
, BDτyτq
3
〉 (4)
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and
〈x, y〉 7→ 〈ACτxτ , ACτq
3
yτ〉, (5)
where A,B,C,D ∈ F∗q6 and τ is an automorphism of Fq6. In both cases, requiring φ(ℓλ¯) =
ℓλ, we get Nq6/q3(λ¯
τ ) = Nq6/q3(λ).
Now, suppose there exists an element φ of G such that
φ(ℓ) = ℓλ (6)
and
φ(ℓλ¯) = ℓ. (7)
By substituting Cτ by C and Dτ by D, from (6), we get
A(C − λD) = 0, (8)
B(Dq
3
− λCq
3
) = 0 (9)
and from (7) we have
A(Dλ¯τ + Cq
3
) = 0, (10)
B(Cq
3
λ¯τq
3
+D) = 0. (11)
If A 6= 0 and B 6= 0, combining (8) and (9) we get Cq
3+1 = Dq
3+1, a contradiction. Hence,
either A = 0 or B = 0. If A = 0, by (9) and (11) we have
Dq
3
− λCq
3
= Cq
3
λ¯τq
3
+D = 0,
which again implies Nq6/q3(λ¯
τ ) = Nq6/q3(λ). The same condition is obtained when B = 0
and this completes the proof.
3 The 6-dimensional DA and DAB presemifields
In this section we study the isotopy issue for the presemifields DA and DAB with dimen-
sion 6 over their center, by comparing them with the known examples mentioned in the
previous section.
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3.1 DA presemifields
A DA presemifield of order q
6, q odd, is the algebraic structure (Fq3 × Fq3 ,+, ⋆A), with
multiplication
(u, v) ⋆A (x, y) = (u, v)
(
x y
Aa,r(y) ξAa,r(x)
)
,
where Aa,r(x) = x
qr − axq
−r
, r ∈ {1, 2}, such that ξ is a nonsquare in Fq and a ∈ F
∗
q3
with Nq3/q(a) 6= 1. Note that, since DA has no zero divisors, for each (x, y) 6= (0, 0) the
corresponding matrix
(
x y
Aa,r(y) ξAa,r(x)
)
is invertible, i.e. ξxAa,r(x) 6= yAa,r(y).
The associated Fq–linear set in P = PG(3, q
3)
LDA = {〈(x, y, Aa,r(y), ξAa,r(x))〉 : x, y ∈ Fq3 , (x, y) 6= (0, 0)},
is disjoint from the hyperbolic quadric Q = Q+(3, q3) : X0X3 −X1X2 = 0.
Also, by [5, Theorem 4.3], a DA presemifield has left nucleus of size q
3, right nucleus
of size q2, middle nucleus and center both of size q.
In the following we prove that the presemifields DA are not new when Nq3/q(a) = −1
and, for each given q, all of them belong to a unique isotopy class, whereas, if Nq3/q(a) /∈
{−1, 1}, the family DA contains, for each q ≥ 5 odd, new presemifields.
Theorem 3.1. If Nq3/q(a) = −1, then presemifields DA are all isotopic to the presemifield
whose multiplication is given in (1).
Proof. Since Nq3/q(a) = −1, by [20, Theorem 4.5 (iii)], the linear set LDA is not scattered.
Moreover, it contains q + 1 points of weight 2 and these points belong to a line which
is contained in LDA and hence, DA belongs to family F4. Also, since the right nucleus
has order q2 and the middle nucleus and center have both size q, applying [9, Theorem
3.5], we can conclude that the presemifield DA belongs to the family F
(a)
4 . Now, in ([8,
Theorem 2.7]) the authors construct an infinite family of odd order presemifields belonging
to such a subclass and having right nucleus of size q2, also proving that, up to isotopy,
this family is unique ([8, Corollary 3.2]). So, taking also into account [33, Theorem
1.1], the presemifields DA, with Nq3/q(a) = −1, are all isotopic to the presemifield whose
multiplication is defined as in (1).
Theorem 3.2. If Nq3/q(a) /∈ {−1, 1}, the family DA contains new presemifields.
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Proof. If Nq3/q(a) /∈ {−1, 1}, by [20, Theorem 4.5 (i)] the linear set LDA is a maximum
scattered Fq–linear set of P = PG(3, q
3) of pseudoregulus type. Let t1 and t2 be the lines
of P with equations
t1 :
{
X2 = −a
qr+1X1
X3 = −ξa
qr+1X0
t2 :
{
X1 = a
q−rX2
X0 =
aq
−r
ξ
X3.
Since q is odd, ξ is a nonsquare in Fq and Nq3/q(a) /∈ {−1, 1}, these two lines are disjoint,
both external to the quadric Q and t⊥1 ∩ t2 = ∅.
Let Φf be the collineation between t1 and t2 induced by the strictly semilinear map
f : (x, y,−aq
r+1y,−ξaq
r+1x) 7→ (aq
−r
xq
r
, aq
−r
yq
r
, yq
r
, ξxq
r
),
taking into account that xq
−2r
= xq
r
for each x ∈ Fq3 , we get
{〈(x, y,−aq
r+1y,−ξaq
r+1x) + f((x, y,−aq
r+1y,−ξaq
r+1x))〉 : x, y ∈ Fq3 , (x, y) 6= (0, 0)}
= {〈(x+aq
−r
xq
r
, y+aq
−r
yq
r
,−aq
r+1y+yq
r
,−ξaq
r+1x+ ξxq
r
)〉 : x, y ∈ Fq3 , (x, y) 6= (0, 0)}
= {〈(z, w, Aa,r(w), ξAa,r(z))〉 : z, w ∈ Fq3, (z, w) 6= (0, 0)} = LDA.
By Theorem 2.1, the lines t1 and t2 are the two transversals of the Fq–pseudoregulus
associated with LDA. Hence, if Nq3/q(a) /∈ {−1, 1}, the presemifields DA belong to the
family F5 and the associated Fq–pseudoreguli have both the transversals external to the
hyperbolic quadric Q. Then, by [19, Theorem 3.2] they belong to the isotopy class of
some semifield S(λ, µ, α, β, σ). Moreover, since the presemifields DA have right nucleus
of size q2, middle nucleus and center both of size q, then, by [19, Theorem 4.1] and [33,
Theorems 3.4 and 3.5], they belong to the isotopism class of some semifield S(λ, 0, α, 0, σ),
with λ, α ∈ F∗q6 , Nq6/q3(λ) 6= 1 and σ ∈ {q
2, q4}, for which a canonical form has been given
in (2). So, to compare the presemifields DA with the known examples of odd order
presemifields of type S(λ, 0, α, 0, σ) constructed in [19, Section 5], we will write the linear
set LDA in the relevant canonical form. In order to do this, we apply an isomorphism
ϕ from P = PG(3, q3) to PG(V ) such that the quadric Q : X0X3 − X1X2 = 0 of P is
mapped onto the quadric Q¯ : Xq
3+1 − Y q
3+1 = 0 of PG(V ), and then move, using the
action of the group G fixing the reguli of Q¯, the transversal t1 to ℓ. Let
ϕ : 〈(x0, x1, x2, x3)〉 ∈ P 7→ 〈(x0 + x3 + (x1 + ξx2)ω, x0 − x3 + (x1 − ξx2)ω)〉 ∈ PG(V ),
where ω ∈ Fq2 \ Fq, with ω
2 = 1/ξ, and let Ψ be the collineation of G induced in PG(V )
by the nonsingular matrix (
1− ξaq
r+1 −1 − ξaq
r+1
−1− ξaq
r+1 1− ξaq
r+1
)
,
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we have
tϕΨ1 = {〈(y, 0)〉 : y ∈ F
∗
q6} = ℓ,
tϕΨ2 = {〈(2ξ(1−Nq3/q(a))y,−2ξ(1 +Nq3/q(a))y)〉 : y ∈ F
∗
q6},
= {〈(λ¯y, y)〉 : y ∈ F∗q6} = ℓλ¯,
where
λ¯ =
Nq3/q(a)− 1
Nq3/q(a) + 1
. (12)
Note that, as a runs over F∗q3 with the condition Nq3/q(a) /∈ {−1, 1} then λ¯ covers Fq \
{0,−1, 1}.
Hence, Lϕψ
DA
is an Fq–scattered linear set of pseudoregulus type with transversals ℓ and
ℓλ¯ and the corresponding presemifield isotopic to DA is of type S(λ¯, 0, α¯, 0, σ¯), for some
α¯ ∈ F∗q6 , σ¯ ∈ {q
2, q4} and with λ¯ as in (12).
So far, the only known examples of semifields of type S(λ, 0, α, 0, σ) have been con-
structed in [19, Section 5]. This means that, in order to prove that the family DA contains
new presemifields, it has to be compared with the examples of odd order constructed in
[19] and listed below:
S1: S(λ1, 0, λ1, 0, q
2), q ≡ 1(mod 6), with Nq6/q3(λ1)
−1 = 2(1− η), where η is a primitive
6-th root of unity over Fq ([19, Theorem 5.3]);
S2: S(λ2, 0, λ2, 0, q
2), q ≡ 0(mod 3), with Nq6/q3(λ2)
−1 = −(u + u2), where u ∈ Fq3 \ Fq
such that u3 = u+ 1 ([19, Theorem 5.8]).
Suppose that a presemifield DA (which is, up to isotopy, of type S(λ¯, 0, α¯, 0, σ¯)) is isotopic
to one of the presemifields Si = S(λi, 0, λi, 0, q
2), i ∈ {1, 2}. Then, by Lemma 2.2, we get
Nq6/q3(λ¯
τ ) = Nq6/q3(λi), (13)
for some automorphism τ of Fq6 . By (12), λ¯ ∈ Fq and, by (13), we get λ¯
2τ = Nq6/q3(λi) ∈
Fq. Since Nq6/q3(λ2) /∈ Fq, a presemifield DA can only be isotopic to a presemifield S1.
Now, we first observe that if η is a primitive 6-th root of unity over Fq, then η
τ is either
η or η−1. Since η and η−1 are not necessarily conjugated under an automorphism of Fq6,
from Lemma 2.2, it follows that there are, for each q ≡ 1(mod 6), at most 2 non–isotopic
presemifields of type S1.
On the other hand if two presemifields DA of type S(λ¯, 0, α¯, 0, σ¯) and S(λ¯
′, 0, α¯′, 0, σ¯′),
respectively, are isotopic, by Lemma 2.2, we get Nq6/q3(λ¯
τ ) = Nq6/q3(λ¯
′), i.e. by (12)
λ¯2τ = λ¯′2, where λ¯, λ¯′ ∈ Fq \{0, 1,−1} and τ can be considered as an automorphism of Fq,
with q = ph. Since the number of nonzero squares of Fq different from 1 is
q−3
2
and since
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each of them has at most h conjugates in Fq, the number of non–isotopic presemifields
DA, of given order q
6, is at least q−3
2h
. Now, if q > 7 then q−3
2h
> 2, i.e. for q > 7, there
are always presemifields in the family DA which are not isotopic to any previously known
semifield. Finally, if q = 7 and DA is isotopic to S1, then by (13)
λ¯2τ = Nq6/q3(λ1) =
1
2(1− η)
,
which means, since Nq3/q(a) /∈ {0, 1,−1} and taking (12) into account, that
1
2(1−η)
is a
nonzero square of Fq different from 1. But this is not the case since η ∈ {3, 5}.
This completes the proof.
DAB presemifields
A DAB presemifield of order q
6, q odd, is the algebraic structure (Fq3 × Fq3,+, ⋆AB), with
multiplication
(u, v) ⋆AB (x, y) = (u, v)
(
x y
Ab2,r(y) ξBb,−r(x)
)
,
where Ab2,r(y) = y
qr − b2yq
−r
, Bb,−r(x) = 2H
−1
b,−r(x)− x, r ∈ {1, 2}, such that Hb,−r(x) =
x− bxq
−r
and with ξ a nonsquare in Fq and b ∈ F
∗
q3 with Nq3/q(b) 6= ±1. By [5, Theorem
4.3], a DAB presemifield has left nucleus of size q
3, right nucleus, middle nucleus and
center all of size q. We can prove the following
Theorem 3.3. The family of presemifields DAB is new for each value of q. Also,
i) if Nq3/q(b
2) = −1 then DAB is contained in the class F3 and it is of type (3, 0);
ii) if Nq3/q(b
2) 6= −1 then DAB is contained in the class F5 and the transversals t1 and
t2 of the associated pseudoregulus satisfy the condition |t
⊥
1 ∩ t2| = 1.
Proof. The Fq–linear set P = PG(3, q
3) associated with a presemifield DAB is
LDAB = {〈(x, y, y
qr − b2yq
−r
, ξ(2H−1b,−r(x)− x))〉 : x, y ∈ Fq3, (x, y) 6= (0, 0)}
and it is disjoint from the hyperbolic quadric Q : X0X3 − X1X2 = 0. Also, the two
lines s : X1 = X2 = 0 and s
⊥ : X0 = X3 = 0 of P have both weight 3 in LDAB . Since
Nq3/q(b) 6= 1, the map Hb,−r(x) is invertible and hence LDAB can be rewritten in the
following fashion:
LDAB = {〈(x− bx
q−r , y, yq
r
− b2yq
−r
, ξ(x+ bxq
−r
))〉 : x, y ∈ Fq3 , (x, y) 6= (0, 0)}.
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i) If Nq3/q(b
2) = −1 (which implies q ≡ 1(mod 4)), by [19, Theorem 4.8 (iii)], LDAB
is not scattered and it contains a unique point, say P , of weight 2. Hence, by [32,
Section 4], the presemifields DAB belong to the family F3. Moreover, by the proofs of [19,
Lemma 4.4, Theorems 4.5 and 4.8], such a point is on the line s⊥ and it has coordinates
P ≡ (0, y¯, y¯q
r
− b2y¯q
−r
, 0), where y¯ is a solution of the equation
xq
2r−1 = −
b2q
r
(λ− λqr)qr−1
,
with λ a given element of Fq3 \ Fq. Since the line s has weight 3 in LDAB , the plane
π = 〈P, s〉 is the unique plane of P of weight 5 in LDAB (by the first two properties of
Section 2.1). Also, P⊥ is the plane with equation y¯X2+ (y¯
qr − b2y¯q
−r
)X1 = 0 and, taking
into account that Nq3/q(b
2) = −1, straightforward computations show that
LDAB ∩ P
⊥ = LDAB ∩ s.
It follows that wLDAB (P
⊥) = wLDAB (s) = 3 and, since π
⊥ = P⊥ ∩ s⊥ (and hence π⊥ /∈ s),
we get wLDAB (π
⊥) = 0. This implies that, when Nq3/q(b
2) = −1, each presemifield DAB
belongs to the family F3 and it is of type (3, 0). The only known presemifields in the
literature of order q6, with q odd, belonging to the family F3 are those described in [14,
Proposition 3.8 andTheorem 3.9]. However all presemifields in this infinite family are of
type (4, 1). This implies that when Nq3/q(b
2) = −1, the presemifields of the family DAB
are all new.
ii) Let now Nq3/q(b
2) 6= −1. Then, by [19, Theorem 4.8 (i)], the linear set LDAB is
a maximum scattered linear set of P of pseudoregulus type, and hence the presemifields
DAB belong to the family F5. Let t1 and t2 be the lines of P with equations
t1 :
{
X2 = b
−2q−rX1
X3 = ξX0
t2 :
{
b−2q
r
X2 = −b
2X1
X3 = −ξX0.
Since q is odd, ξ is a nonsquare in Fq and Nq3/q(b
2) /∈ {−1, 1}, these two lines are disjoint,
both external to the quadric Q and t⊥1 ∩ t2 is the point 〈(1, 0, 0,−ξ)〉.
Let Φf be the collineation between t1 and t2 induced by the strictly semilinear map
f : (x, y, b−2q
−r
y, ξx) 7→ (−bxq
−r
, b−2q
r
yq
−r
,−b2yq
−r
, ξbxq
−r
),
direct computations show that
{〈(x, y, b−2q
−r
y, ξx) + f((x, y, b−2q
−r
y, ξx))〉 : x, y ∈ Fq3, (x, y) 6= (0, 0)}
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= {〈(x− bxq
−r
, y + b−2q
r
yq
−r
, b−2q
−r
y − b2yq
−r
, ξ(x+ bxq
−r
))〉 : x, y ∈ Fq3 , (x, y) 6= (0, 0)}
= {〈(x− bxq
−r
, z, zq
r
− b2zq
−r
, ξ(x+ bxq
−r
))〉 : x, z ∈ Fq3, (x, z) 6= (0, 0)} = LDAB .
Then by Theorem 2.1, the lines t1 and t2 are the two transversals of the Fq–pseudoregulus
associated with LDAB . Hence, when Nq3/q(b
2) 6= −1, presemifields DAB belong to the
class F5 and provide the first examples in the literature of presemifields in class F5 such
that the transversals of the associated Fq–pseudoregulus, satisfy the geometric condition
|t⊥1 ∩ t2| = 1. Since the size of this intersection is an isotopism invariant, taking into
account the known examples of presemifields in the family F5 listed in Section 2, we can
conclude that the presemifields DAB, with Nq3/q(b
2) 6= −1, are all new.
Finally, we want to point out the following result.
Theorem 3.4. The presemifields DAB and each new presemifield DA are not the rank
two derivatives of any known presemifield.
Proof. The geometric properties defining presemifields of type (3, 0) in family F3 are
invariant under the transpose and the translation dual operations ([14, Theorems 3.2
and 3.3]). Moreover, the geometric configurations (with respect to the quadric Q) of the
transversals of the pseudoregulus associated with one of the known semifields in class F5
(listed in Section 2) are invariant under the above mentioned operations. This means
that 6–dimensional DAB presemifields are isotopic neither to the transpose nor to the
translation dual of any know presemifield.
The transpose of each presemifield DA has middle and right nuclei of sizes q
2 and q,
respectively ([30]). Since the family of presemifields of type S(λ, µ, α, β, σ) is closed under
the transpose operation ([19, Theorem 3.3]) and since we have proven that the family
DA is contained, up to isotopy, in such a family, the transpose D
t
A of a new presemifield
DA could only be isotopic to one of the odd order examples constructed in [19, Thorems
5.3 and 5.8] having the same parameters, i.e. it could only be isotopic to either St1 or
S
t
2, in which case DA would be isotopic to either S1 or S2. But in both cases Theorem
3.2 proves that this is not the case. Finally, note that the family of presemifields of type
S(λ, µ, α, β, σ) is closed under the translation dual operation ([19, Theorem 3.3]) and such
an operation leaves invariant the parameters of a presemifield ([28, Theorem 5.3]). Hence,
we only have to compare each new presemifield DA with the translation duals of S1 and
S2. Since the translation dual of Si = S(λi, 0, λi, 0, q
2) is, up to isotopy, the semifield
S
⊥
i = S(λ
q3
i , 0, λ
q
i , 0, q
4) and this is isotopic to S(λi, 0, λ
q
i , 0, q
4) ([19, Theorem 3.3]), the
same arguments as in the proof of Theorem 3.2 prove that each new presemifield DA is
also new with respect to the translation dual operation.
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